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Abstract 

In this paper, we prove the semi-continuity of complex singularity exponents 
for holomorphic families in singular central fiber cases when the central fiber con- 
tains only simple-normal-crossing singularities. We also show that the integrals 
along fibers is continuous for holomorphic families in some 2-dimensional cases. 
Besides, a sequence of counterexamples to the semi-continuity property occur for 
non- holomorphic families. 

Keywords: complex singularity exponent, semi-continuity property, singular cen- 
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1 Introduction 

Complex singularity exponent is a quantitative measure of singularities of a holo- 
morphic function. It was first introduced by Tian in [Tian89j in his study of the 
Calabi problem. We now recall the definition. 

Let X be a complex manifold and g be a Hermitian metric on X. Let K be a 
compact subset of X and / be a holomorphic function defined on X. 

Definition 1.1. The complex singularity exponent of f on K is defined to be the 
nonnegative number 

c kU) = sup{c > : / \f\~ 2c dV g < +oo for some open neighborhood U of K}. 
JU 

If fip) f or an y P ^ K, then we put cr-(/) = +oo. If f = on X, then we put 
c K (f) = 0. 

If K only contains a single point p, we will use the notation c p (f) instead of 
cs p \(f). It is easy to see that cxif) = min p6 i<- c p (f). 

Lower semi-continuity is a fundamental property of complex singularity expo- 
nent. It was Varchenko who first proved the semi-continuity of complex singularity 
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exponents for holomorphic families in [Var83j . In |Tian89j . Tian has shown that 
the finiteness of f \f(x, y)\~ 2c dV is stable under holomorphic perturbation of f(x, y) 
with small sup norms, which implies semi-continuity for continuous families in 2 di- 
mensions. For arbitrary dimensions, Phong and Sturm proved the holomorphic 
stability of J \f(z, t)\~ 2c dV for 1-parameter deformations in [PSOOj, which implies 
semi-continuity for 1-parameter holomorphic families. In [DKOlj . Demailly and 
Kollar proved semi-continuity of complex singularity exponents for plurisubhar- 
monic functions, which contains holomorphic functions as special cases. Besides, 
their work generalized Tian's result about the stability of f \f\~ 2c dV to arbitrary 
dimensions by applying Ohsawa-Takegoshi I? extension theorem. 

Theorem 1.2 ( |DK01j . also |Tian89j . [PSOO] ). Let X be a complex manifold, and 
K is a compact subset of X. The map 0{X) B f h- > csr(/) is lower semi- continuous 
with respect to the topology of uniform convergence on compact sets (uniform con- 
vergence on a fixed neighborhood of K is of course enough). More explicitly, for 
every nonzero holomorphic function f , for every compact neighborhood L of K and 
every e > 0, there is a number 5 = 6(f, e, K, L) > such that 

snp\g-f\<S c K {g) > c K {f) - e. 

L 

Moreover, if c < cjf(/) and g converges to f in 0{X), then \g\~ 2c converges to 
|/| _2c in L 1 on some neighborhood U of K . 

The purpose of this paper is to study the semi-continuity property of complex 
singularity exponents in singular central fiber cases. As far as I know, there is no 
known result in these cases. To begin with, Let X be a complex manifold with 
dimcX > 2, -/r : X — > A be a surjective flat holomorphic map, where A is the open 
disk centered at in C or C itself. Define Xt := 7r~ 1 (t). We also suppose that for 
any t G A \ {0}, t is a regular value of it, hence Xt is smooth when t ^ 0. Besides, 
suppose only simple-normal-crossing singularities occur in Xq. Let po be a singular 
point of Xq. Let p n £ X tn be a sequence of points, such that t n / 0, limn^oo t n = 
and lim^oo p n = p . 

In this paper, we prove the following theorem: 

Theorem 1.3 (Main Theorem). Suppose F : X — > C is a holomorphic function 
and f n = F\x t , fo = F\xo> then the inequality 

Cp (fo) < lim Cp n (f n ) 

n— >oo 

always holds. 

The proof of main theorem relies largely on Theorem 13. 1\ a fibration version of 
the Hironaka resolution theorem. By Theorem 13. 1\ we can choose a log resolution of 
(X, V(F)) to get a family of log resolutions of (X t , Vt). Then c Pn (f n ) can be easily 
computed by these log resolutions and the adjunction formula. 

Moreover, we obtain a stronger form of the main theorem by applying the ACC 
for the log canonical threshold (cf. |dFLM09] . [dFLMllj and |HMX12p : 
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Theorem 1.4 (Stronger form of the main theorem). Suppose F : X — >■ C is a 
holomorphic function and f t = F\x t - Choose pt G X t such that \m\ t ^pt = Po, then 
there exists 5 > such that 



We also show the continuity of integrals along fibers for some 2-dimensional 



Theorem 1.5. Suppose X = Dq(Rq, Rq), A = Bq(Rq) where Rq > 0. Suppose 
7r is defined by ir(x,y) = xy. Suppose F is irreducible in C{x,y}. Then for any 
< c < cq(/o) and ft = F\x t , there exists R > and U = Dq(R, R) such that 



The key idea of proof is to divide the integral domain to three separately parts, 
then apply Theorem 11.21 and Lemma 14.21 

When turning to non-holomorphic families, the semi-continuity property may 
fail to hold as the following example shows: 

Example 1.6 (Counterexample in non-holomorphic families). Let X = C 2 , A = C, 



7r(x,y) = xy. LetF(x,y) = x + y-2y/\xy~\, t n = 4, f n (x,y) = F\ Xtn , p n = yj, 
Po = (0,0). Then c po (/o) = 1> whereas c Pn (f n ) = \ . Therefore, in this case we have 



which means that complex singularity exponents are NOT lower semi- continuous 



with respect to t. Here F E C^ C (C 2 ). 

The proofs of the main theorem and its stronger form will be given in Section 3. 
In Section 2, we will introduce the concept of log canonical threshold and discuss 
its basic properties and equivalence with complex singularity exponents. In Section 
4, we will present the proof of Theorem 11.51 Uniform upper bounds for integrals 
along fibers for any F S C{x,y} will be given as a direct corollary of Theorem 11.51 
In Section 5, we construct a sequence of non-holomorphic examples (see Example 
15. 2p which do not satisfy the lower semi-continuity property besides Example 11.61 
The key idea of construction is to find suitable homogeneous polynomials of y/x and 

yfy. The families in Example 15.21 are C loc 2 for arbitrary large n but not C°° . 
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Chenyang Xu for his useful comments and helps on the ACC for the log canonical 
threshold and related topics in algebraic geometry. I thank my teachers Professor 
Jinxing Cai and Professor Xiang Ma for their interest in this work and for their 
encouragements. I also thank my friends Yalong Shi, Alberto Delia Vedova and 
Feng Wang for many helpful discussions. 



c po (/o) < c Pt (f t ) for any \t\ < 5. 



cases. 




1 = Cp„(/o) > lim c Pn (f n ) = -. 
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2 Preliminaries on log canonical threshold 



In this section, we will mainly discuss the log canonical threshold — an algebraic 
counterpart of the complex singularity exponent. The following discussion will pro- 
vide us methods from algebraic geometry to compute complex singularity exponent. 

The log canonical threshold is a fundamental invariant in birational geometry. 
It was Shokurov who introduced it in the context of birational geometry in |Sho92j . 
Next, we give the definition of log canonical threshold for Cartier divisors. 

Definition 2.1 f[Kol97j 8.1). Let X be a normal algebraic variety with at worst log 
canonical singularities and let D be an effective Q-Cartier divisor on X. The log 
canonical threshold of (X, D) at point p £ X is defined by 

lct p (X,D) = sup{c\(X,cD) is log canonical in an open neighborhood ofp}. 

If D = (/ = 0) then we always use the notation lct p (f) for lct p (X, D). 

For smooth varieties, we have an elegant equivalence between complex singularity 
exponent and log canonical threshold. (See Section 2 in |Kol08] for a detailed 
discussion.) 

Proposition 2.2 f [Ko!97j 8.2). Let X be a smooth variety over C, p € X a point 
and f a nonzero regular function on X . Then 



which means lct p {f) = c p (f). 

In order to compute log canonical threshold in general, we introduce the defini- 
tion of relative canonical class first. 

Definition 2.3 ([dF LMllj A.ll). Let R be a commutative ring with identity. Sup- 
pose that g : Y — >■ X is a proper birational morphism of schemes over R, with Y 
nonsingular. IfrKx is Cartier, then there is a unique Q- divisor Ky/x supported on 
the exceptional locus of g such that rKy and g*(rKx) + rK Y /x are linearly equiva- 
lent. If X is nonsingular, then Ky/x * s effective and its support is the exceptional 
locus Ex{g). We call Kyj X the relative canonical divisor. 

Next proposition provide us to compute log canonical threshold by resolution of 
singularities. 

Proposition 2.4 ( [Kol97j 8.5). Let X be a normal algebraic variety with at worst 
log canonical singularities and let f be a nonzero regular function on X. Let p £ X 
be a point. Let g : Y — )• X be a proper birational morphism where Y is smooth and 
X is Q-Gorenstein. We may write 



lctp(f) = sup{c : |/| 



-2c 



is locally L near p}. 



m 



Til 




where Ei are different prime divisors on Y . Then we have 



Ictpif) — m i n — 



i:p£g(Ei) Oj 
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The equality holds if^2iEi is a simple-normal- crossing divisor, i.e. g : Y — )• X is a 
log resolution ofV(f). In particular, lct p (f) G Q. 

We finish this Section by giving some basic properties of log canonical threshold 
and complex singularity exponent. 



Example 2.5. Suppose X is a Riemann surface, then by Proposition \2.4\ c p (f) = 

ictp(f) = or 2 p (f) ■ 

Example 2.6. Suppose X is a smooth variety, V(f) is a prime divisor without any 
singularity, then by Proposition \2.4\ we have c p (f) = lct p (f) = 1 for any p G V(f). 

Proposition 2.7 f |Musll| 1.6). For any p G V(f), we have < c p (f) = lct p (f) < 
1. 

At the end of this section, we give the following definition of complex singularity 
exponents on the central fiber: 

Definition 2.8. Let Z be a reduced analytic space with irreducible components 
Zq,--- ,Zk, where every Zi is a smooth analytic space. Let f be a regular func- 
tion on X. For any p G V(f), the complex singularity exponent of f at p is defined 
as 

c p (f) : = min c p (f\ Zl ). 

3 Proof of the main theorem 

The key to the proof of the main theorem is the following liberation version of the 
Hironaka resolution theorem: 

Theorem 3.1 ( jKM98j 0.3). Let f : X — )• C be a flat morphism of a reduced 
algebraic variety over C (or a suitably small neighborhood of a compact set of a 
reduced analytic space) to a non-singular curve C and B C X a divisor. Then there 
exists a projective birational morphism g :Y —> X from a non-singular Y such that 
Ex(g) + g*B + (/ o g)*(c) is an simple-normal- crossing divisor for all c G C, here 
Ex(g) represents the exceptional divisor of g. 

Let V := V(F) be the principal divisor of F on X. By Theorem 13.11 above, 
we may choose a complex manifold Y and a bimeromorphic morphism g : Y — > X 
such that Ex(g) + g*V + (it o g)*(t) is simple-normal-crossing for every t G A. For 
simplicity, denote tt = tt o g, Y t = 7r _1 (i), V = g*V, g t = g\y t ■ Y t ->• X t . Thus, 
Ex(g) + g*V + Yf is simple- normal-crossing for every t G A. 

Since a divisor is a finite Z— linear combination of prime divisors, we may assume 
that both Ex{g) and V do not contain any irreducible component of Yj whenever 
t 7^ and \t\ < €q for some eo > 0. Denote Vt = V\x t an d Vt = V\y t - 

The proof is based on the computation of c Pn (f n ) and c po (/o) Next, we shall give 
several lemmas to compute c Pn (f n ) and c Po (/o). 

Lemma 3.2. For any \t\ < eo and t ^ 0, gt : Yt — >• Xt gives a log resolution (Yt, Vt) 
of(X t ,V t ). 
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Proof. By definition of Ex(g) we have g : Y — Ex(g) — > X — g(Ex(g)) is an isomor- 
phism. By restriction of g to each fiber, we obtain isomorphisms gt 'Yt — (Ex(g) n 
Yt) — > X t — (g(Ex(g)) n X t ). We need to show gt : Y t — > X t is a bimeromorphic 
morphism for any \t\ < e and t 7^ 0. 

Since g : y — > X is a bimeromorphic morphism, the codimension of g(Ex(g)) in 
X must greater than 1, hence g(Ex(g)) does not contain any irreducible component 
of Xt for any t € A. Therefore, Xt — (g(Ex(g)) n Xt) is a Zariski open subset of 
Xt for any t 6 A. On the other hand, since Ex(g) does not contain any irreducible 
component of Y t , so Y t — (Ex(g) n Yt) is also Zariski open in Y t . Thus, gt : Yt — > X 
is a bimeromorphic morphism for any |i| < e and £ 7^ 0. 

Next we will prove this lemma. Assume \t\ < e and t 7^ 0. Since Xt is irreducible, 
is a bimeromorphic morphism, we have Yt is also irreducible. Moreover, by 
Hironaka resolution theorem, we have Ex(g) + V + Yj is simple-normal-crossing, 
so Yt is itself simple-normal-crossing, thus smooth. By the transversal intersection 
property, we have Ex{g)\y t + Vt is simple-normal-crossing. Since Ex{g t ) C (Ex(g)n 
Yt), Ex(gt) + Vt is also simple-normal-crossing. Therefore, (Yt, 14) is a log resolution 
of (Xf, Vt), hence we prove the lemma. □ 

According to the lemma above, we calculate c Pn (/ n ) explicitly by the adjunction 
formula in the following lemma: 

m m 

Lemma 3.3. Suppose V r = ^^aj£'j ; K Y /x = kjEj, where a>i,ki are integers, 

i=l i=i 
are different prime divisors on Y . If \t n \ < eo, then we have 

CpAJn) = . mm . 

i:p n &g{Ei) Oi 

Proof. Assume |i| < e and t 7^ 0, then we have 



V t = Y^a i (E, i 



1 



where (-E'j)t = Ei\y t . Next we shall calculate Ky t /Xf 

For any q G Y t , denote p := #(g) € X t . Since 7r is regular at p, we may choose a 
local coordinate (xi, • • • , x n ) of X near p such that 7r(xi, • • • , x n ) = x n . Moreover, 
we have Yi = g*Xt and If is smooth, so 7r is regular at q, thus we may choose a local 
coordinate (yi, • • • , y n ) of Y near q such that 7r(yi, • • • , y n ) = When x n = t and 
y n = i, (xi, • ■ ■ ,x n _i) and (yi, • • • ,y n -i) give the local coordinates of Y t and Xt 
respectively. 

Under these local coordinates, we have g(yi, • • • , y n ) = (^i> ■ ■ ■ 1 x n -i,y n ) since 
7T = 7r o g. Therefore, we have 



9{yi,--- ,y n -i,yn) 

Hence we have 



/ d(xi,— .In-l) d(xi, ■■■ ,X n -l) " 

d(yi,- ,y n -i) dy n 



det ( d(xi, ■ ■ ■ ,x n _i,x n ) \ _ / g(xi, • • • ,x n -i) 
\d(yi,--- ,yn-i,y n ) J \9{yi,--- ,y n -i) 
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which is equivalent to Jacg = Jac gt- Therefore, we have 

K Y t /x t = (Jacc/ 4 = 0) 
= (Jacc/ = 0)L 



K Y /x\ Yt - 



Thus we have 



K Y t /x t = ^2ki(Ei) t . 

t=l 

It might happen that (Ei)t is reducible, and has several components. However, 
for any i ^ j since Ei+Ej+Yt is simple-normal-crossing, so codimy t (£'jnS :/ nl^) > 2, 
hence (Ei)t and (Ej)t have no component in common, for otherwise codimy^Sj n 

Ej n Y t ) = l. 

Therefore, by Proposition 12.41 f° r an Y P 6 -^t we have 

Cp(-F|x t ) = . miri 



Hence 



i: P £g(Ei)nY t 

fc + 1 



Cpn(fn) = mm 

t:p»6g(.Ei)nYt 



□ 

Next, let us compute c Po (f ). Suppose X = X^ 1} U • • • U X<f } , Y = Y (1) U 
• • • U Yq \ where Xq* 1 '* and Y^ 1 ^ are different components of Xq and Yq. Similarly, 
we have go ■ Yq — (Ex(g) n Yq) — > Xq — (g(Ex(g)) D Xn) is isomorphism, and 
codimx () (<?(-E , £(<?)) H Xn) > 1. Hence for any 1 < i\ < k, there exists a unique 
1 < jl < I, such that g { jl) : Y Q Ul) -> xf x) is a bimeromorphic morphism, where 
Xq* 1 ^ and Yq 1 ^ are smooth. 

Without lose of generality we may assume j% = %\ % that is, for any 1 < j < k, 

(i) (i) (i) 
5q : Yq — > Xq is a bimeromorphic morphism. 

Suppose V and Xq have no components in common, otherwise c po (/o) = and 

the inequality automatically holds. As a result, V does not contain Yq\ Therefore, 

we have 



Ig Z / 



where (E^ } := ^Ly). 



Using the same argument in the proof of Lemma 13.31 we a ^ so have (in , Vq^ 

r(j) v ( ' 



a log resolution of (Xq , Vjj"^). Next lemma compute the relative canonical class of 
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Lemma 3.4. For any 1 < j < k, we have 

K Y^/X^ = K Y/x\yU) + {Yo 0) - 9*A 3) ) |yW- 

Proof. With no lose of generality, we only need to prove the lemma for j = 1, i.e. 

K Y w /x m = K Y/x \ Y m + (y (1) - g *xf 

Assume 



i=k+l 

here hi be a nonnegative integer. For any fixed q G ig^j assume without lose of 
generality that q £ Y^ k+1 \ • • • , Y^ l ~ s \ and q G Y^ l ~ s+1 \ • • • , where s < I — k 
is a nonnegative integer. 

Since Yq is simple- normal-crossing, we may choose local coordinates (y±, ■ ■ ■ , y n ) 
of Y near g such that Yq = (y n -i = 0) for any 1 < i < s and Y^ = (y n = 0). 

We may also choose local coordinates (xi, • • • , x n ) of X near p, and a holomorphic 
function m near p such that Xq 1 ^ = (tti = 0). So (yi,--- ,y n -i) gives a local 
coordinate of Yq . 

For simplicity, Denote H\ := m o g. Let A be the matrix ( ^^rr. ! f 2 } ) > anc ^ 
^ be the matrix f . 

V i!/n-l) / 

By the formula above, in a sufficiently small neighborhood U„ of q we have 
9^)\ Uq = Y^ + ±h^ i+1 Yt i+ \, 

i=l 

so we may choose a proper 7Ti such that 



tti • • • , yn) = yn • JJ + 



y 

i=l 

(1). 



For any 1 < i < n, define u to be a (n — l)-form on (Xq ) re g, the regular set of 



I^, as 



/ 97Ti \ 1 



lj = (-If ) dx i A • • • A dxi A • ■ ■ A dx re . 



It is easy to check u; is well-defined, and it has no zeroes or poles near p in X^\ 
Hence we have 

( gfr 'j w = Jacy^ 'dyi A • • • A dy n -\. 
As a result, for any 1 < i < n, we have 

i ( d*i\~ l 



Jac 5 W = (-ir(|^) -detfl,, 
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which is equivalent to 



detB^t-l^-Jac^. 



The Laplace expansion along the n-th column of A yields: 

Jac g = det A 

n ft 

^> 1 >"- i i^(- 1 >'S^^ 1, 



i=l 



(-irja.^'.^-^-ner* 



i=l 

i=l 



Hence we have 

K Y/x\ Y m = (Jac 5 = 0)| y( i) 



' J 



(Jac 5^ = 0) + ^2hi^ i+1 ■ (y n _; = 0)| 



• id 



I 

i=J— s+l 

Since the equation above is near q, we have in general 

I 



K Yil)/x(1) + [g*(X^)-Y c {1) 



'o 

i=k+l 



which is equivalent to 

K yV>/xP = K Y/x\y^ + ( y (1) -g**®) lyW" 

Hence we prove the lemma. □ 

Based on these lemmas, we need only to compute c po (/o). This will be done in 
the following proof: 
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Proof of Theorem I LSI Since Yq is a component of effective divisor g Xq , so we 
have Yq — g*X^ < 0, hence by Lemma 13.41 we have 

m 

K Y U), X U) < K Y /x\ Y U) = ^ h{Ej)Q . 

i=l 

By Proposition 12, 4| we have 

k + 1 



c P0 (F\ u)) < min 

Thus, 



i: Po e g {Ei)nx ( j) a i 



c po(/o) = ,min c P0 {F\ U) ) 

1 r 



< min < min 

eg(Ei)l 

h + 1 



!<3<k | i :po6ff ( Ei )n^') 



mm 



Po&g(Ei)nx ai 
Finally, to prove Theorem 11.31 we need only to show 

min k+1 < cp n (f n ). 
po&g{Ei)nx ai n->oo 

Since c Pn (f n ) belongs to the finite set < i < m}, there exists 1 < mo < 



such that 



and for infinitely many n we have p n belongs to g(E mo ) n Xj n hence belongs to 

g(E mo ). 

Since p n converge to po, we have po belongs to g(E mo ) hence belongs to g(E mo )n 
Xq. Hence 



ki + 1 A; mo + 1 
mm < = hm c Pn {f n ). 

po£g(Ei)nXo Oj a mQ n — >oo 

Hence we prove Theorem 11.31 □ 



The key to the proof of Theorem 1 1.41 is the ACC for the log canonical threshold, 
where ACC stands for the ascending chain condition. The ACC for the log canonical 
threshold was conjectured by Shokurov in |Sho92j . When the dimension is three, 
[Kol94| proves that 1 is not an accumulation point from below and the ACC for 
the log canonical threshold follows from the results of Alexeev in [Ale94] . Recently, 
the ACC Conjecture was proved by T. de Fernex, L. Ein, and M. Mustafa for 
complete intersections in [dFLM09| and even when X belongs to a bounded family 
in jdFLMll] . More recently, it was proved for arbitrary varieties by C. Hacon, J. 
McKernan and C. Xu in |HMX12j . 
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Theorem 3.5 QdFLMOflj . also [dFLMllj . [HMX12Q . For every n, the set % of 

all complex singularity exponents c p (f), where f is a holoraorphic function on an 
n- dimensional complex manifold X and p G V(f), satisfies ACC. 

Proof of Theorem \l-4\ Suppose the conclusion is false, then we can choose a se- 
quence tk G A with lim^oo tfc = 0, such that Cp t (ft k ) < c Po (/o). By Theorem II. 3 | 
we have 

lim c Ptk (f tk ) > c P0 (f ). 

Thus we can choose a subsequence {si} of {tk} such that {c Ps; (/ S; )} is a strictly 
increasing sequence, which contradicts Theorem 13.51 □ 



4 Stability of integrals along fibers 

Recall that Theorem 11.21 not only proves the lower semi-continuity property of com- 
plex singularity exponents, but also shows the stability of integrals with respect to 
continuous parameters. In this section, we present the proof of Theorem II .5[ which 
shows the stability of integrals along fibers in some 2-dimensional cases. 

We fix some notations throughout this section. Suppose X = Dq(Rq, Rq), A = 
B (Rq) where R > 0. Here D( J>1 ^(Ri,R 2 ) := {(z,w) G C 2 : \z - pi\ < R\,\w - 
P2I < R2} is an open polydisc in C 2 , B p {R) := {z G C : \z — p\ < R} is an open 
disc in C. Suppose ir(x,y) = xy , X t = 7r~ 1 (t). Let F be a holomorphic function 
defined on X such that F is not identical to zero on each irreducible components 
of X t for every t G A. Define f t = F\ Xt . Suppose U = D (R, R) with < R < R , 

u t = x t n u. 

Let g be the Euclidean metric on X, which means that ds 2 = dx(&dx + dy® dy. 
Define X* to be the smooth locus of Xt, hence X£ is a complex manifold, and for 
t 7^ we have X£ = Xt- Define dVt to be the volume form of g\x* on X* ■ 

The following lemma provide basic calculations about dVt- 

Lemma 4.1. Define dV x = ^^-dx A dx, similarly for dV y . Then on Xt = {(x, y) G 
C 2 I xy = t}, we have 

I 1 2 I 2 1 

dV t = dV x + dV y = ,t a dV x . 
Define annulus A(a, b) := {z G C | a < \z\ < b}. Define 

' 3,, urn -1 4k 3 



W = J • MR) -j |/ir 



R 



Then we have 

K t (R) = I t (R) + Jt{R). 
Proof. The proof is quite straight forward, so we omit it. □ 
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Let C{x, y} be the ring of power series of x, y in complex coefficients which is 
convergent in some neighborhood of (0,0) G C 2 . Weierstrass preparation theorem 
implies that C{x,y} is a UFD. 

The key to the proof of Theorem 11.51 is the following: 

Lemma 4.2 ([C-A00j 1.8.5). Iff G C{x,y} is irreducible, then the Newton polygon 
of f contains only one segment. 

Proof of Theorem 11.51 Since F is not identically to zero on each components of Xq, 
F must contain monomials of x k and y l for some k and I. 

By Weierstrass preparation theorem, there exists h±,h2 G C{x, y} with /i(0, 0) 7^ 
and Weierstrass polynomials F\(x) and ^2(2/) such that F = h\- F\ = h,2 • F2. For 
sufficiently small -R, /ii and /12 are both nonzero in Do(R,R), with |/ti|, I/12I, l^i" 1 ! 
and \h 2 ~ 1 \ all less than M in Dq(R,R). 

According to Lemma f4.2| the Newton polygon 7 of F contains only one segment. 
Denote the two endpoints of 7 to be (k, 0) and (0, 1). It is easy to see that the Newton 
polygons of G± and G2 are the same as 7. 

Choose s G C such that t = s k+l , and y := t/x, z := x/s l , w := y/s k , so xy = t 
and zw = 1. 

Notice that the theorem is equivalent to lim^o Kt(R) — Ko(R)- By symmetry 
of x and y, we need only to prove lim^o It (R) = Io(R)- Next, we use parameters 
(z, w) to express It{R)- 



h{R) 



dV x 



a(&r) \F{x,y)\ 2c 

\s\ 2l dV z 



s |2Z-2fc«c ' dV z 



\\2l-2klc 



2c 

dV z 



To prove the theorem, we divide the integral domain A f j^jr^ to three sep- 
arately parts A A yR\, j^jjj and A f Denote 

Iti(R,Ri) ■= \s\ 2l ~ 2klc [ 

IM y.-^f A{Ri ^ 

It^R^-lsf-™* [ 

J A 



W ) 

dV z 



F(s l z, s k w)\ 2c 



dV, 



K^itl) \^F( S i Z ,s k w)\ 
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So I t {R) = I t) i(R, Ri) + It,2(R, Ri) + I t ,z(R, Ri). Similarly we denote J t ,i(R, Ri) 
by interchange x and y. 

We shall estimate It,i(R, Ri) at first. Suppose Fi(z,w) = Ylmn=o a m,nZ m, w n , 
let G\{z,w) := ^2i m+ i {n= t i .iCLm,nZ' m "w n be the sum of monomials of F that occur in 

7- 

Thus, 



-^ ! F l (s l z,s k w)-Gi(z,w) = ■^F l (s l z,s k w) - j^G^z, s k w) 



- y 

Q kl / j 



Im+kn v 171 !,,™ 
a u 'rn,,n^ w 

S"" ' — ' 

lm+kn>kl+l 

= s ■ Hi(s, z, w). 

Here H\(s,z,w) := Y^im+kn>kl+l s lm+kn ~ kl ~ l a m ^ n z m w n is a holomorphic func- 
tion of s, z and w. 

For every R\ > 1, H\(s,z,w) is bounded for small \s\ and z £ a(-^,R±\. 
Therefore, as s — > we have the following uniform convergence: 

■^ I F 1 (s l z,s k w) ^ Gi(z,w) in A (J^,Ri 

Here we treat z as a single variable for w = 1/z. 

Notice that G±(z, w) is a quasi-homogeneous polynomial of z,w which contains 
monomials z k and w l , thus the order of zero point of F±(z, 1/z) is at most maxjfe, /}. 
Here we assume c < c (/o) = max { fc|f } , so 

< +oo. 



1 2c 



Therefore, we have the following equality by using Theorem 11.21 

dV, f dV z 



lim 

s-s>0 



Because 21 - 2klc = 2/(1 - fee) > 0, lim^o \s\ 2l ~ 2klc = 0, thus 

lim | S | 2/ " 2fc ' c f ^ =- = 0. 

\^F 1 (s l z,s k w)\ 2c 



2c ' 



Since |F(s'z, s fc u;)| < M • \Fi(s l z, s k w)\, we have 

dT4 



lim J t i (12,12!) = lim |s| 2 '" 2fc ' c I 

^0 ' s^O 1 J A (i 



< M 2c • lim \ s f-^lc 

s->0 

= 0. 



dV 2 



2c 



A (^' R i) \-£rF 1 (s l z,8 k w) 



2c 
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Hence we have 



lim I tjl (R, = 0. (4.1) 



Next, we shall estimate It t 2(R, Ri)- 

Since F\ (z, w) is a Weierstrass polynomial of z, we have deg 2 Hi (s,z,w) < k — 1. 
Let Hi(s,z,w) = YliZo ^i,i( s > w ) ' z% ■ When \s\ < 5±, \z\ > R\ for some 5i > 0, 



Ri > 1, 



|s| • |-H"i(s, z, w)\ X-X\Hii{s,w) 



I ^ I /c ^^^^^ I ^ I 2 

5 kl 

< — sup 1^1^(5,^)1 

1*1 i=0 D («5l,l/Rl) 

< ■j|j--C7(tf 1 ,i2i). 

Here C(Ji, i?i) is a constant depending on <5i and and C((5i, i?i) > C^, i?^) 
if 5x > 5[ and R x < R[. 

Therefore, for every < e\ < 1 and any fixed Si > 0, there exists R± sufficiently 
large such that for every \z\ > R± and |s| < S\ we have 

\s\ ■ \Hi(s,z,w)\_ ei 



|2| fc i 

On the other hand, since G± is a quasi-homogeneous polynomial of z and and 
G\ is monic of z, we have 

Km ^ = 1. 
So when i?i is sufficiently large, for every \z\ > R\ we have 

l--< |Fl , ( ^ ) '<l + -- 
2 ~ \z\ k ~ 2 

Since -^Fi(s l z, s k w) = G\(z,w) + s ■ Hi(s, z,w), we can pick R\ sufficiently 
large and Si > 0, such that for every \z\ > R± and \s\ < Si, we have 

1 - ei < - 1 < 1 + ei, 

\ z \ 

which also means 

< |^F(g'z,s fc w)| < i | ^ 
~~ |/ii(s'z, s fc u;) ■ z k \ ~ 

Therefore, for every |s| < 5\ we have 



J A(Ki,^-J |/n(al« )8 * w ).z*| 



( 1 + £l ) ^ i i2J-2fc/c f , g5 <(!- e l 
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Notice that 



\2l~2klc 



f — = f 

Ja(^.X\ \hUs l z,s k w) • z k \ 2c Ja 



dV 7 f dV r 



A ( Rl> w) \hi(s l z,s k w)- z k \ zc JA(\sm,R) \h 1 (x,t s )-G 1 (x,0) 



2c' 



If \x\ > \s\ l Ri, then \t/x\ < \s\ k /Ri < \s\ k . So there exists 82 G (0, <5i) such that 
for any x E A (|s|^i?i, i?) and |s| < 82, we have 

\hi (x±)\ 

l-ei< ' <l + ei, 

|/ii(x,0)| 

which also means 

1_ei - " 1 + ei - 

Therefore, we have 



I \2l-2klc r dV z 

h , e ,_ 2c < 1 1 Ja(\3\' Ri ,r) \ hl{s i ZtSkw) . zk \ 

(1 + ei) < j dVx <(l-ei 

JA^RttR) |F(x,0)| 2c 



Combine these two inequalities together, we have 

Ia{\s\ 1 R!,R) \F(x,0)\ 



(1 + ei )" 4C < r h ^ Rl) dv < (1 - ei )" 4c . 



It is easy to see that 



dV x f dV x 



Therefore, we have the following two inequalities. 



HmI t ,20R,i2i) > (l + ei )" 4c /o(i?). (4.2) 

]^It,2(R,Ri) < (1 - eir 4c / OR). (4.3) 
Finally, we shall estimate It,3(R, We have the following equality: 

|2Z-2/Wc / ^2 



/t, 3 (i2,i2i) = |*| Mc f 

J A 



dV m 



R ' Ri 

2l-2klc 



1 2c 



4*i>#) |^F( S 'z,^)| 2c -|H 4 



We define ^2(2,^) and H2(s,z,w) similarly. Because of the same reason in the 
discussion about It,i(R, Ri), for e\ > there exists sufficiently large -Ri such that 

for any w 6 A j-^pr^ , we have 

1 - €1 < ^ U- < 1 + €1. 
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So for any w G A ( R\ , jjpr ) , we have 



-LF(s l z,s k w) 



> (1-ei) h 2 (s l z,s k w) 



> -—A ■ \w\ l . 



\w\ 



Therefore, 



\2l-2klc 



dV w 



\ jnF(s l z,s k w)\ 2c -\w\ 
dV v , 



- s 



2l-2klc 



A R 



R \ ( 1-ei 



W 
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2c 



W 



< 



M 2c 
(l-^i) 2cl 

M 2c 
(l-ei) 2cl 

2vrM 2c 
(l-ei) 2cl 

2vrM 2c 



\2l-2klc 



\2l-2klc 



\2l-2klc 



dV,„ 



AlRu-K) \w 



2lc+4 



2tt 

dO 

+oo 



I s ! r -2lc-4 
Ri 

2lc ~ 3 dr 



rdr 



Ri 



-2lc-2 



\2l-2klc 



(l-ei) 2c 2k + 2 



As a result, we have 



which means 



o„ Ji t2c p-2Zc-2 

EE I t s(R, Ri) < hm , „ ■ q \s\ 2l ~ 2Mc = 0, 

s^o t,dV ' iy - s->o (1 - ei) 2c 2Zc + 2 M 



liml t3 (i?,i?i) = 0. 



Combining (j4"TTj) . (|3~2|) . ([O]) and (fO|) together, we have 
ImT 7 t (i?) = ^ lirn^o It,i(i2, 

= lim s ^ I tj2 (R, Ri) 
<(l- ei )- 4c /o(i?). 



hm/^i?) > (l + eiJ-^/oCfl). 



Similarly, 



When ei — >■ 0, the limits of (|4.5p and (|4.6p are the following: 
I (R) < lim/ t (i?) < lim" < 7 (i2), 



which means 



lim I t (R) = limI t (R) = I (R). 

t-»0 s-»0 



Hence we finish the proof. 
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At the end of this section, we may show the existence of uniform upper bounds 
for integrals along fibers as a direct corollary of Theorem 11.51 

Theorem 4.3. For any F G C^x,y} and any < c < Co(/o), there exists U = 
Dq(R, R), 5 > and M = M(R, F, c, 5) > 0, such that the inequality 

holds for all \t\ < S. 

Lemma 4.4. If Theorem \4-3\ is true for F\ and F 2 , then it is also true for F : = 
F\ ■ F2 . 

Proof Suppose co(-Fi) = j-, then the multiplicity of F at when restricts to Xq is 
at least I := l\ + I2, thus cq(F ■ G) < \. 

For every c < \ < co(F), by Young's inequality we have 

\F\~ 2c < l ±\Fi\~ 2c '^ + j\F 2 \~ 2c ^ . 

Here a = c ■ j- < c (Fi). 

Hence for every \t\ < min(<5i, ^2), 

f < l l f dVt Jl f dVt 
k W\ 2c ~ I Ju t \Fi\ 2 ^ + I J Ut \F 2 \^ 

< l j. Ml + l j.M 2 . 

Define M := l -f ■ M ± + l f ■ M 2 , hence Theorem PI is true for F. □ 

Proof of Theorem \4-3[ Let S = {F G C{x,y} \ Theorem \4-3\ is true for F}. 

By Theorem 11.51 S contains all irreducible elements of C{x,y}; by Lemma |4.4| 
S is closed under multiplication. Since C{x,y} is a UFD, we have S = C{x,y}, 
which means that Theorem 14.31 is true for every F S C{x,y}. □ 

Remark 4.5. The proof of Theorem 11.51 cannot be generalized to higher dimensions 
directly, since Lemma 14.21 is usually false in higher dimensions. 

5 Counterexamples in non-holomorphic fami- 
lies 

In Section 3, we prove the semi-continuity of complex singularity exponents for 
holomorphic families. However, Example 11.61 shows that this is not true for non- 
holomorphic families. Moreover, we construct a sequence of counterexamples (see 
Example I5.2p to the semi-continuity property for non-holomorphic families in this 

section. The families in Example 15.21 are C, 2 for arbitrary large n but not C°°. 



17 



For every n G N, define V n := {q(z 2 ) + c ■ z 2n+l \ q(z) G C[z], degq < 2n+l, cG 
C}, then V„ is a complex linear subspace of C[z] with dimV^ = In + 3. Define 
W n := {P(z) EV n :(z- l) 2n+2 | P(z)}. We have W n + because dimK = 
2n + 3 > 2n + 2 = deg(z - l) 2n+2 . 

Lemma 5.1. Zei A/" = {n G N : W n contains a polynomial P n {z) with the z 4n+2 
term and constant term both nonzero.}, then N is an infinite set. 

Proof. Suppose the conclusion is not true, then there exists N G N such that for 
every n> N and every nonzero P n (z) G W n , at least one of z 4n+2 term and constant 
term of p n vanishes. 

In the rest part of the proof we always assume that n > N. 

If the constant term of P n is nonzero and the z +2 term of P n is zero, let 
p n ( z ) ■= p n ( z ) + z 4n+2 ■ P n (l/z), then of course (z - l) 2n+2 | P n (z), thus P n (z) G 
W n with z 4n+2 term and constant term both nonzero, which contradicts to our 
assumption. Hence the constant term of P n must vanish, so does the z in+2 term. 

Because the z An+2 term and constant term of P n both vanishes, P n (z)/z 2 must 
belong to W n -i, then we may denote P n -\{z) := P n (z)/z 2 . After same argument 
applying to P n -i, we will get P n _2{z) := P n -i{z)/z 2 . Repeat this process to P n -k 
for k = n — N, finally we have that P n {z) = z 2k ■ P n -k(z) and P n -k G W n -k- 

Since (2;-l) 2n+2 | K(z), we have {z-l) 2n+2 \ P n -k{z), thus 2n+2 < degP n _ fc < 
4N + 2, i.e. n < 2N, which contradicts to our assumption that n can be sufficiently 
large. Hence the lemma is proved. □ 

Next, we construct a sequence of counterexamples to the semi-continuity prop- 
erty for non-holomorphic families. 

Example 5.2. Suppose n G TV. Let P n (z) = q n (z 2 ) + c n ■ z 2n+l . Define Q n (x,y) := 
q n (x/y) ■ y 2n+1 , F n {x,y) = Q n (x,y) + c n ■ \xy\^2~ . Then for every t G R+ and 
s = \/t G M+, we have 

1 1 



Therefore, 



c {s , s) (F n \ Xt ) < ^—^ < ^—^ = c m (F n \ Xo ). 



"(0,0) ( F n\x ) > \ > )mC( s>s )(F n \x t )- 



2n + l vuwv "" vu ' 2n + 2 s ^ 
Proof. We shall estimate C( s )S )(F n \x t ) first, we have 



t \ I t\ 2w+l 

F n [ x, - J = Q n \x, - J + C n ■ t 2 
fx 2 \ [t\ 2n+1 

=ni ' W +Cn ' t 2 



211 + 1 



X\2\ s in+2 2n+1 
s) J ' X 2 ™+! +Cn ' S 
s 4n+2 / / fx\ 2 \ /X\ 2n + 1 



x 2n+l I \\sJ J \S 

s 4n+2 fx 

x 2n+l -Pn[ s 
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Thus, we have 

1 



c (s,s) {Fn\Xt ) j / 771 / j. / \\ 

^ ; ord x=s (F n (x, t/x)) 

1 



< 



ord x = s (p n (x/s)) 
1 



2n + 2 

On the other hand, F n (x, y) = Q n (x, y) is a homogenous polynomial with degree 
2n + 1 when xy = 0. Besides, x 2n+1 term and y 2n+1 term both occur in Q n (x,y). 
Consequently, C( 0) o)C^n|x ) = 2n+T' nence we finish our proof. □ 

Next proposition shows that for any n G M, F n G C^?(C 2 ) and F n ^ C°°(C 2 ), 
hence is not holomorphic. 

Proposition 5.3. For every neAf,F n € c£f (C 2 ) *Ie F n £ C°°(C 2 ). 

Proof. We notice that Q n {x,y) is a homogeneous polynomial of x, y, so Q n G 
C°°(C 2 ). Thus to prove the proposition it is sufficient to prove that \xy\^~ G 

cfioc 2 ). 

It can be easily verified that |z| n+Q G C^' C Q (C) for every n G N and < a < 1, 

so |z| 2+ G Cr ,5 (C). By composing \z\ 2+ with the C°° function z = xy, we have 

Ixyl^^ G C^ 2 (C 2 ). It can also be easily verified that \xy\ n+a g C°°(C 2 ), thus we 
prove the proposition. □ 



Since N is an infinite set, for any N G N there exists n G M and n > N such 

that F n G C^ C (C 2 ). Thus the families in Example 15.21 are for arbitrary large 

n but not C°°. 
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